We construct and investigate the general stress-energy tensor, T b a , of the quantized massive field in the D-dimensional spatially-flat FriedmannRobertson-Walker spacetime within the framework of the adiabatic approximation. The behavior of T b a for 4 ≤ D ≤ 12 is examined for the exponential (in the conformal time) and power-law cosmological models with the special emphasis put on the conformal and minimal curvature coupling. It is shown that time component of the stress-energy tensor is proportional to the spatial component and that the proportionality constant can be calculated without the detailed knowledge of the tensor. In the exponential expansion in even dimensions, the energy density of the quantized field identically vanishes for the conformally coupled fields and is positive for the minimal coupling. The analogous formulas for the odddimensional spacetimes do not exhibit this simple behavior and the energy density is positive for physical values of the coupling. The relations of the adiabatic method to the Schwinger-DeWitt approach is briefly discussed.
Introduction
Despite our everyday experience, gravitation is still the most elusive of all fundamental interactions. It, of course, does not mean that at the classical level we have no deep and satisfactory understanding of gravitation. Quite the contrary, numerous tests that have been carried out to date, clearly show that General Relativity satisfactorily describes gravitational phenomena, and that the description of the spacetime as the differentiable manifold endowed with the metric tensor and additional structures is valid unless the Planck regime is approached [1] . However, our understanding of the gravitational interaction is severely limited as there is no quantum theory of gravity. Instead, we have various approaches and each of them has its own merits and drawbacks. Consequently, an approach has been proposed in which the spacetime is treated classically whereas the matter fields are quantized. Especially interesting in this regard is the influence of the quantized fields upon the spacetime geometry in a process, which has been figuratively called "the back reaction on the metric". This simple idea evolved into the mature theory, with its own techniques, methods, fundamental results and folklore [2] [3] [4] . Perhaps the most important result of the quantum field theory in curved background is the prediction that black holes evaporate [5, 6] .
The physical content of the quantum field theory in curved background is encoded in its most important observable: the (renormalized) stress-energy tensor calculated in suitably chosen state. Such a tensor serves as the source term (the right-hand side) of the semiclassical Einstein field equations, allowing, in principle, to study the evolution of the system unless the quantum gravity effects become dominant. Within the semiclassical approach, one can address quite a number of important and physically interesting problems, such as, for example, the physics of the quantum-corrected black holes and their interiors, influence of the quantized fields on the extreme or close to extreme black holes or the problem of isotropization of cosmological models, to name a few. On the other hand, needless to say that most of the researches are restricted to D = 4. For higher-dimensional results, see e.g., Refs. [7] [8] [9] [10] [11] [12] and references cited therein.
It is evident that the semiclassical Einstein field equations cannot be trusted at the singularity and its closest vicinity as the full analysis of this problem requires quantum gravity or even more fundamental theory. On the other hand, the semiclassical analysis can teach us a lot about the influence of the quantized fields on the black hole interior and about the tendency of the changes of the background geometry as the singularity is approached. Of course, from the point of view of the present work, the most important are the results obtained in cosmology (see e.g., Refs [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] and the references cited therein) and in the black hole interiors [28] [29] [30] [31] [32] [33] .
Recent findings in the Kaluza-Klein-type theories, string theory and its low-energy limit, various large-dimensional scenarios, such as, for example, the braneworld scenario suggest that our physical world has more than 4 dimensions. This opens new interesting possibilities in the cosmological context.
There are two main approaches that may be singled out: (i) the numerical calculations of the mean value of the stress-energy tensor in some physically motivated state/states in a fixed background, and (ii) construction of the analytical approximations to the stress-energy tensor of the quantized field that depends functionally on the metric tensor or at least on a wide class of metrics. This distinction is not sharp and there are some hybrid approaches which we collectively put into (i). The second approach is particularly appealing and we intend to construct the general form of the approximate stress-energy tensor of the quantized fields. Having such a tensor at one's disposal, it is possible to solve the semiclassical Einstein field equations in a self-consistent way. Unfortunately, regardless of the particular method adapted, the calculations of the stress-energy tensor of the quantized fields in a curved background are very complicated, long, error-prone and time consuming. It is simply because the bilinear objects needed in its construction are the operator-valued distributions and the whole problem is infected with unavoidable infinities. The structure of the infinite terms depends on the dimension of the differentiable manifold and the type of the quantum fields. (See e.g., Ref. [4, 34] and references therein.) Moreover, the computational complexity rapidly grows with dimension, making the problem practically intractable in larger dimensions.
One of the most versatile approaches in the quantum field theory in curved background is the adiabatic regularization [15] [16] [17] [18] [19] [20] [24] [25] [26] [27] (see also [35] [36] [37] ). The adiabatic calculations are based on the higher-order WKB approximation to the mode functions and their derivatives and subsequent integration (summation) of the functions thus constructed. It is particularly well-suited to calculations of the energy density and pressures in the higherdimensional spatially-flat or open FRW model as well as in the anisotropic cosmologies. (In the k = 1 case, one has summation of the mode functions instead of integration, which is an obstacle in constructing the final compact expression.)
Of course, the adiabatic approach is not the only one available for constructing the stress-energy tensor. Equally powerful is the Schwinger-DeWitt method, which is based on the coefficients of the heat-kernel expansion [12, 25-27, 32, 33, 38-43] . It can be used in any spacetime provided the Compton length associated with the mass of the field, λ C , is much smaller that the characteristic radius of the curvature, L, i.e., λ C /L 1. It has been recently demonstrated that the Schwinger-DeWitt and adiabatic approaches give precisely the same results in the Friedmann-RobertsonWalker spacetime [25] . The Schwinger-DeWitt approach is even more general, but because of the geometric terms that have to be constructed, its applicability in quantum field theory in curved background is practically limited to D = 4. It should be noted that the equality of results obtained within the Schwinger-DeWitt and adiabatic frameworks must not be taken for granted. Indeed, it is expected that the discussed methods give the Green functions with the same structure of singularities in the coincidence limit, but this does not mean that the functions are the same.
Our aim is to construct and study the regularized stress-energy tensor of the quantized massive scalar field in the spatially-flat FriedmannRobertson-Walker spacetime. Here, we shall restrict ourselves to 4 ≤ D ≤ 12, with the special emphasis put on the power-law and de Sitter cosmologies. Of course, the multidimensional cosmological models will be influenced by the quantized fields via the semiclassical Einstein field equation and the knowledge of the general form of the source term gives a unique opportunity to analyze and compare the evolution of the models for various dimensions. This will be the subject of the subsequent papers.
The paper is organized as follows. The detailed calculations of the components of the stress-energy tensor expressed in terms o the WKB-mode functions are presented in Sec. 2. In Sec. 3, the general formulas are used in construction of the T b a of the quantized massive field in the power-law cosmological models and for the exponentially expanding (in conformal time) scale factor. The last section contains a brief discussion of the Schwinger-DeWitt method. Throughout the paper, the natural units are chosen (except for the short discussion of the range of validity of the approximation) and we follow the Misner, Thorne and Wheeler conventions [44] .
General equations
Let us consider the neutral massive scalar field, satisfying the covariant
where m is the mass of the field, R is the curvature scalar and ξ is the (arbitrary) curvature coupling constant. Although there are no a priori restrictions on the curvature coupling parameter, the two particular values of ξ are of principal interest: the conformal and minimal coupling, for which ξ = (D −2)/(4D −4) and ξ = 0, respectively. Other, more exotic values of ξ, are considered to be of lesser importance. The spatially-flat line element can be written in the form
where i, j = 1, . . . , D − 1 and η is the conformal time.
Our first task is to construct the solutions of the scalar field equation. We start the calculations by putting
into Eq. (1) and subsequently decomposing the function µ(x) as
where a k and a † k are the annihilation and creation operators. The functions µ k and µ * k are normalized in such a way that the Wronskian condition
is satisfied, where a dot denotes differentiation with respect to the conformal time. This ensures that the canonical commutation relations of the field operators and the conjugate momenta give the standard relations for the operators a k and a † k
The ground state of the field is defined as
i.e., we choose the functions µ k (η) in Eq. (4) to be positive-frequency solutions of the equation
where
. Thus far our analysis has been exact. Unfortunately, (8) is rather complicated and, in general, it cannot be solved in terms of the known functions. It is natural that one should either treat the problem numerically (that is beyond the scope of the present paper) or look for reasonable approximations. Our method of choice is the WKB approximation, which allows us to construct the adiabatic solutions iteratively. This approach defines the adiabatic vacuum |0 A . The adiabatic approach can be used in the Friedmann-Robertson-Walker spacetime if the chain of conditionṡ a/a,ä/a, · · · √ k 2 + m 2 a 2 for 0 ≤ k < ∞ is satisfied [3] . The WKB mode functions Ω k (η) are defined as
and their form guarantees that the Wronskian condition (5) is automatically satisfied. The resulting equation that is satisfied by Ω k is given by
The WKB solution can be constructed iteratively assuming that the function Ω k can be expanded
with the zeroth-order solution taken to be ω 0 = √ k 2 + m 2 a 2 . The role of the small parameter is played by number of differentiations with respect to the conformal time. To simplify the calculations and to keep track of the order of terms in complicated expansions, one can introduce the (dimensionless) parameter ε by means of the formulas
and collect the resulting terms with the like powers of ε. The parameter ε should be set to 1 at the final stage of calculations. For example, ω 2 is given by
The higher-order functions ω 2i (i ≥ 2) can be constructed term-by-term by solving algebraic equations of ascending complexity. The results presented in this paper require the 14 th -order WKB approximation to the function Ω k , i.e.,
Note that the knowledge of Ω k is sufficient to construct the vacuum polarization [27] . Indeed, since
it is clear that the problem reduces to expanding the function Ω −1 k in terms of the number of derivatives (parameter ε) to some definite order and integration of the thus constructed result over k with the appropriate measure.
Although interesting in its own right, the function Ω k is only a building block of a more important quantity -the stress-energy tensor of the quantized field. The general form of T ik of the (classical) massive scalar field is given by (2) is given by
It should be noted that it suffices to find only the T 00 component as the spatial components can easily be calculated from the conservation equation. Indeed, from the conservation equation ∇ a T a b = 0, one has
Here, we shall proceed in a different manner and construct the trace of the tensor
and
Other methods will be used as an useful check of the calculations.
Substituting (3) into (18) and (20), and subsequently making use of the relations
andμ
one obtains for the energy density (ρ = −T 0 0 ) the following compact formula:
h =ȧ/a and Γ (x) is the Euler Gamma function. Similarly, for the trace of the tensor, one has
Now, making use of the standard formulas describing the division of the power series
and raising to powers
one obtains the adiabatic expansion for the energy density ρ and the trace of the stress-energy tensor. Each term in this rather complicated expansions contains an integral over k of k p / k 2 + m 2 a 2 q/2 which is finite for q > p+1. Consequently, it can be shown that for a given dimension D, the terms up to the adiabatic order 2 D/2 diverge, where x denotes the floor function, i.e., it gives the largest integer less than or equal to x. This statement needs clarification: Of course, not all the terms of a given adiabatic order lead to the divergent integrals. The regularization prescription, however, requires to subtract all the terms of a given adiabatic order if at least one of them is divergent. Finally, making use of the formula
where B is the beta function, one can calculate the stress-energy tensor to the required adiabatic order. Moreover, using precisely the same algorithm, the next-to-leading and higher-order terms of the stress-energy tensor can be constructed. Here, however, we shall concentrate on the leading order contribution to the stress-energy tensor defined by the WKB series, which is, of course, the most important.
The stress-energy tensor
Using the adiabatic method, we have calculated the stress-energy tensor of the quantized massive scalar field in the spatially-flat FriedmannRobertson-Walker spacetime for 4 ≤ D ≤ 12. Because of the complexity of the calculations, we used various methods and computational strategies, and each component of T b a has been calculated at least 3 times. The results are stored in Mathematica syntax and can easily be converted into any other format. Since the general results valid for any scale factor are not especially illuminating, to avoid unnecessary proliferation of complex formulas, we do not present them here, instead, we shall discuss some special cases of physical interest. The general results can be obtained on request from the first author.
Before we start to discuss the stress-energy tensor, let us briefly investigate the classical Einstein field equations. For the spatially-flat line element, one has
where M Pl is the D-dimensional (reduced) Planck mass and the pressure, p c , is related to the energy density, ρ c , through the equation of state p c = κρ c . From (34) , one has for a classical background
where we have introduced the (proper time) Hubble parameter H =ȧ/a 2 .
The power-law cosmologies
Now, let us limit ourselves to the class of the power-law cosmologies with the scale factor
For the power-law cosmologies, the scale factor expressed in terms of the proper time assumes simple form 1
Since the conformal time is related to the proper time through dt = a(η)dη, it is relatively easy to construct the stress-energy tensor in the coordinates (t, x 1 , . . . , x D−1 ) once the energy density (26) is known. Although our discussion will be carried out in the former representation, reinterpretation of the results within the context of the proper time scale factor is unproblematic. From the Einstein field equations (for D ≥ 4 and n = 0), one has
For the scale factor (37), the stress-energy tensor of the quantized massive fields considerably simplifies. However, before we go further, let us analyze how far one can go without the exact form of the stress-energy tensor.
First, observe that on the general ground, the energy density of the massive quantum field has the following form [27] 
where, for a given dimension, f D (n, ξ) is function of the exponent n and the curvature coupling, ξ. There is a simple explanation of this fact: the adiabatic expansion is, in fact, an expansion in the number of derivatives and this together with (37) gives (40) . Now, making use of the conservation equation, one has
where T x x ≡ p is the spatial component of the stress-energy tensor and T 0 0 ≡ −ρ. Finally, substitution of (40) into (41) gives the desired result
Since α is constant for a given n and D, the pressure and the energy density of the quantized field are related by a simple equation state. The energy density and pressure have opposite signs for 0 < n < (D + 2)/3 and 0 < n(D + 1)/2 for D even and odd, respectively. The parameter α can be easily related to the parameter κ of the equation of state describing the classical source. Making use of Eqs. (39) and (42), one has
From (43), one sees that the parameter α for even D is the same as the parameter for D + 1. A few important special cases are collectively listed in Table I . It should be noted that for κ = −1, one has still α = −1. Similarly, for a phantom universe governed by the equation of state with −(1 + δ) and (δ > 0), the parameter α is even more exotic.
TABLE I
The dimensional dependence of the parameter α for a few exemplary forms of the classical matter. The equation of state governed by α is calculated for the radiation-dominated, dust, de Sitter and phantom (δ > 0) universe.
It is instructive to compare the energy density of the quantized field and the background energy density. From (36) and (40), one has
Since the adiabaticity condition can be written as m H, one concludes that ρ c ρ unless H M Pl . Similar estimates follow from the condition λ C /L 1. Indeed, taking L ∼ K −1/4 , where K is the Kretschmann scalar
in the power-law cosmological model, one has K ∼ H 4 and hence H m. Now, let us return to the stress-energy tensor calculated within the framework of the adiabatic method. The expressions describing the energy density of the minimally and conformally coupled quantized field for a power-law cosmology are relegated to Appendix. Here, we shall concentrate on a few interesting physical cases. First, observe that for the radiationdominated cosmology with the equation of state of the form of p = ρ/(D−1), the equation of state of the quantized field is "very stiff" (with the "stiffness" increasing with D) and for a given dimension, the energy density for ξ = 0 and ξ = ξ c is of the same sign. More detailed results are presented for 4 ≤ D ≤ 8 in Table II. For the matter-dominated universe (κ = 0), the equation of state of the quantized fields is still of the "stiff-type" and the sign of the energy density depends on dimension (see Table III ). For example, for D = 4 and D = 5, the energy density is always negative.
TABLE II
The dimensional dependence of the characteristics of the minimally (ξ = 0) and conformally coupled (ξ = ξ c ) quantized field in the spatially flat radiationdominated (κ = 1/(D − 1)) universe. The pressure has the same sign as the energy density (α > 0).
The dimensional dependence of the characteristics of the minimally (ξ = 0) and conformally coupled (ξ = ξ c ) quantized field in the spatially flat matter-dominated (κ = 0) universe. The pressure has the same sign as the energy density (α > 0).
For κ = −1, one has n = 1, α = −1 and β = ∞. The energy density is always negative for the minimal coupling and positive for the conformal one. The background configuration in this case corresponds to the cosmological constant, which, in turn, is modified by the quantized field obeying the simple relation p = −ρ.
The exponential expansion
In this section, we shall briefly analyze the cosmological models with the scale factor a(η) = exp(η/η 0 ) .
This model represents the linear expansion in the proper time. Now, the classical background is a solution of the Einstein field equations with the source term satisfying the equation of state with
On the other hand, the equation of state of the quantum matter is characterized by
For the even dimensions, the stress-energy tensor simplifies considerably and can be written
Inspection of the above equations shows that each F -function contains a factor (ξ − ξ c ) D/2 , where ξ c = (D − 2)/(4D − 4), and consequently ρ vanishes for a conformally coupled fields. It is also zero for a more exotic values of the parameters ξ. On the other hand, the energy density is positive for minimally coupled fields. The analogous formulas for the odd-dimensional spacetimes do not exhibit this simple behavior and will be not presented here. However, the components of the stress-energy tensor for ξ = 0 and ξ = ξ c can easily be obtained from the functions listed in Appendix. Indeed, taking a limit n → ∞, one obtains
where F D = lim n→∞ f (n, ξ). Equally well one can take n → −∞ limit. The functions F D at ξ = 0 and ξ = ξ c are positive. Finally, observe that due to α > 0, the pressure-component of the stress-energy tensor of the quantized massive field has to be always positive.
Final remarks
In this paper (which can be thought of as a sequel to [27] and a natural generalization of the results presented in Refs. [24] [25] [26] ), we have calculated the stress-energy tensor of the quantized massive scalar field in the spatially-flat D-dimensional Friedmann-Robertson-Walker spacetime. Thus far, however, the main emphasis has been on the adiabatic approximation, which has proven to be an excellent tool in this context. There is, however, equally powerful method, which relies heavily on the purely geometric objects constructed form the (differential) curvature invariants. In the Schwinger-DeWitt method, the stress-energy tensor is constructed form the one-loop effective action in a standard way
eff ,
and k = 
Appendix
Here, we shall concentrate on the physical values of the parameter ξ, namely the minimal coupling (ξ = 0) and the conformal coupling (ξ = (D − 2)/ (4D − 4) ). In the first case, the energy density is described by
where f 4 = 1365n 4 + 4716n 3 − 4029n 2 − 4742n + 3060 20160π 2 n 4 ,
f 5 = 2398n 4 + 1827n 3 − 4362n 2 − 1045n + 1350 10080π 2 n 4 ,
